We consider a rational surface with a relatively minimal fibration. Picard number of a such fibred surface is bounded in terms of the genus of a general fibre. When Picard number is the maximum for any given genus, we characterize a such fibred surface whose Mordell-Weil group is trivial by singular fibres. Furthermore, we describe the defining equation explicitly.
Introduction
The theory of the Mordell-Weil lattices are sufficiently developed by Oguiso and Shioda in [5] for minimal elliptic rational surfaces. In their work, the even unimodular root lattice E 8 of rank eight played very important role as the predominant frame. For example, it was shown that the Mordell-Weil group is trivial if and only if there exists a singular fibre of type II * in the sense of Kodaira [9] whose dual graph contains E 8 as a subgraph. The lattice E 8 also appears in another application by Shioda [13] to describe a hierarchy of deformations of rational double points.
Let X be a smooth projective rational surface and f : X → P 1 a relatively minimal fibration whose general fibre is a projective curve of genus g ≥ 2. Although the Picard number ρ(X) is letter than or equal to 4g+6 in general, we consider the case ρ(X) = 4g+6.
Then the maximal Mordell-Weil lattice is isomorphic to a unimodular lattice called D
+ 4g+4
in [1, §7, Ch. 4] of rank 4g+4 (cf. [11] and [4] ). Furthermore, Saito [10] gives an example of f : X → P 1 whose Mordell-Weil group is trivial and which has an extension of a singular fibre of type II * . Since D [12] and [14] , it is given by rkJ F (K) = ρ(X) − 2 − t∈P 1 (v t − 1), (2.1) where v t denotes the number of irreducible components of the fibre f −1 (t). There is a natural one-to-one correspondence between the set of K-rational points F (K) and the set of sections of f . For P ∈ F (K), we denote by (P ) the section corresponding to P which is regarded as a horizontal curve on X. In particular, (O) corresponding to the origin O of J F (K) is called the zero section. Shioda's main idea in [12] and [14] is to view the free part of J F (K) as a Euclidean lattice with respect to a natural pairing induced by the intersection form on H 2 (X). The lattice is called the Mordell-Weil lattice of f .
We denote by MWL(f ) it. In fact, by describing the Néron-Severi group NS(X), we can explicitly determine the structure of MWL(f ) as follows: Let T be the subgroup of NS(X) generated by (O) and all the irreducible components of fibres of f . When we equip NS(X) and T with the bilinear form which is (−1) times of the intersection form, we call them the Néron-Severi lattice NS(X) − and the trivial lattice T − respectively. Since X is a rational surface, NS(X) − is a unimodular lattice, that is, the absolute value of the determinant of the Gram matrix equals one. Then the following holds.
Theorem 2.1 ( [12] , [14] ). Keep the notation and assumptions. PutT = (T ⊗ Q) ∩ NS(X). Then
Now, for a non-negative integer d, we put
and call it Hirzebruch surface of degree d. The restriction of the second projection to Σ d gives a structure of P 1 -bundle. We also remark that Σ 0 ≃ P 1 × P 1 . Conversely, any
be a minimal section of Σ d defined by x = 0 and Γ [d] the fibre defined by y = 0.
To clarify the structure of the Mordell-Weil lattice, we choose a ruling on X and its relatively minimal model Σ d carefully so that we get a natural Z-basis of NS(X) which gives us a simple presentation of F . This is done by choosing a birational morphism µ : X → Σ d which contracts step by step a (−1)-curve whose intersection number with F is the smallest among all (−1)-curves. When d = 0, we may assume that Γ [0] .µ * F < ∆ [0] .µ * F without loss of generality. We call a (−1)-curve on X a (−1)-section of f if the intersection number with F is equal to one. Then the following holds.
Theorem 2.2 (cf. [11] and [4] ). Let X be a smooth rational surface and f : X → P 1 a relatively minimal fibration of genus g ≥ 1. Assume that ρ(X) = 4g + 6 and f has no multiple fibre when g = 1. Then there exists a birational morphism µ :
(ii) The pull-back to X of a (−1)-curve contracted by µ intersects with F at just one point.
In particular, F is a hyperelliptic curve and f has at least one (−1)-section.
Proof. When g = 1, the assertion is well-known. In particular, we have that f is anti-canonical map Φ |−K X | from the canonical bundle formula and the assumption, where |D| means the complete linear system of D.
Assume that g ≥ 2. We can find at least one base-point-free pencil of rational curves on X. We choose among them a pencil |R| of rational curves with R 2 = 0 in such a [8] and [6] . It contradicts to ρ(X) = 4g + 6. Thus we have (K X + F ).R = 0. We take a relatively minimal model of X with respect to Φ |R| and consider the image of F . Then we perform a succession of elementary transformations ( [2] ) at singular points of the image curve to arrive at a particular relatively minimal model called a #-minimal model in [3] . Let µ : (X, F ) → (Σ d , µ * F ) be a birational morphism to a #-minimal model of (X, F ). Then we have that µ satisfies the conditions (i), (ii) from F.R = −K X .R = 2 and properties of #-minimal model.
When g = 1 and f has no multiple fibre, we have F.R = −K X .R = 2 for all general fibres R of rulings on X. Therefore, f × Φ |R| : X → Σ 0 := P 1 × P 1 is a generically finite double cover and the branch divisor is linearly equivalent to (
We assume that g ≥ 2 and ρ(X) = 4g + 6. Any fibred rational surface f : Figure 4 below. Furthermore, all fibres of f are irreducible if and only if T = U, and then we have MWL(f ) ≃ D + 4g+4 from Theorem 2.1. We can really construct a such f : X → P 1 . This case was studied in [11] .
We take a birational morphism µ :
All (−1)-sections of f and (−2)-curves contained in fibres of f are not intersect with
Hence they are components of degenerate fibres of the ruling
Conversely, irreducible components of degenerate fibres of
we have the following. and (−2)-curves contained in fibres of f are components of degenerate fibres of the ruling
The hyperelliptic involution of f : X → P 1 naturally induces a double cover as follows.
Σ 0 is a generically finite double cover and the branch divisor is linearly equivalent to
Figure 2.
). Conversely, the finite double cover of Σ 0 branched along a reduced curve which is linearly equivalent to ((2g + 2)
) with a minimal resolution of the singularity gives a hyperelliptic fibration of genus g on a smooth rational surface whose
Picard number is (4g + 6).
Main theorem
Let X be a smooth projective rational surface with ρ(X) = 4g + 6 and f : X → P 1 a relatively minimal fibration of genus g ≥ 1. When g = 1, we assume that f has no multiple fibre, or f has a section. Furthermore, we consider an extremal case as follows.
Theorem 3.1. Let f : X → P 1 be as above and K = f * (C(P 1 )). Then the following assertions are equivalent.
(1) Mordell-Weil group of f is trivial.
(2a) f has a reducible fibre whose dual graph is as in Figure 3 . (3) X has a unique ruling and possibilities of its relatively minimal models are Hirzebruch surfaces Σ g of degree g and Σ g+1 of degree g + 1 only. In particular, there exists no birational morphisms X → P 2 if g ≥ 2.
(4a) f : X → P 1 is obtained from Σ g by eliminating the base points of the following pencil (4b) There exist elements t, x, y in C(X) and complex numbers c i,j , i = 0, 1, 2, j = 0, 1, . . . , ig + 1 such that they satisfy the following: 
In order to show Theorem 3.1, we prove some lemmas.
Lemma 3.2. Assume that f has a reducible fibre whose dual graph is as in Figure 3 .
Then (I), (II), (III) and (IV) hold:
(I) There exists a birational morphism µ : X → Σ g such that the pencil Λ as in (4a) in Theorem 3.1 is obtained from a base-point-free pencil |F | as images by µ.
(II) Mordell-Weil group of f is trivial. In particular, a (−1)-section of f is unique.
(III) If an irreducible reduced curve C on X is neither the (−1)-section nor any component of the reducible fibre of f , then C 2 ≥ 0.
(IV) X has a unique ruling. Furthermore, Σ g and Σ g+1 only can be its relatively minimal model. The both models are obtained from birational morphisms as in Theorem 2.2.
Proof. (I) : Let Θ k , k = 0, 1, · · · , 4g + 4 be components of the reducible fibre such that
We show that f has a (−1)-section E 4g+4 from Theorem 2.2. Since Θ 0 is a unique component whose multiplicity is one, E 4g+4 intersect with Θ 0 . We contract E 4g+4 , Θ 0 , Θ 1 , . . . , Θ 4g+2 in turn. Since ρ(X) = 4g +6, the image of X by this birational morphism µ is Σ d for some
Let Γ [g],0 be a fibre µ * Θ 4g+3 of Σ g . In fact, µ is a birational morphism as in Theorem 2.2.
We take the image by µ of a general fibre of f as H [g] . Then the first assertion follows.
(II) : We consider µ as in the proof of (I). Let E i , i = 1, 2, . . . , 4g + 4 be the pullback to X of (4g + 4) (−1)-curves contracted by the birational morphism µ : X → Σ g .
We may assume that
we denote the pull-back to X of ∆ [g] and Γ [g],0 by the same symbols. We remark that
i=1 ZE i , we see that E 4g+4 and Θ k , k = 0, 1, . . . , 4g + 4 also form Z-basis of NS(X). Furthermore, we have that Θ 1 , Θ 2 , . . . , Θ 4g+4 , F and E 4g+4 also form Z-basis of NS(X) by considering
Therefore, Mordell-Weil group of f is trivial from Theorem 2.1.
(III) : Keep the notation as above. Let C be an irreducible reduced curve on X. We
m i E i for some integers α, β and m i , i = 1, 2, . . . , 4g + 4. We assume that C is neither E 4g+4 nor Θ k for all of k. Since C.E 4g+4 and C.Θ k are non-negative, we have α ≥ m 1 + m 2 , β ≥ αg + m 1 and
(IV) : We consider the birational morphism µ : X → Σ g as in the proof of (I) and keep the notation. In particular, we remark that µ(E 1 ) is on ∆ [g] . By performing an elementary transformation Σ g Σ g+1 at µ(E 1 ), we have another birational morphism Next, we show the converse of (II) in Lemma 3.2: Lemma 3.3. Assume that Mordell-Weil group of f is trivial. Then f has a unique reducible fibre and the dual graph is as in Figure 3 .
Proof. From Theorem 2.2, there exists a birational morphism
We shall denote the (−1)-section of f by E 4g+4 . In particular, we remark that a section of f is unique from the assumption. Therefore, in the process of contracting by µ, we may assume that the point corresponding to E i+1 is an infinitely near point of that to E i for i = 1, 2, . . . , 4g + 3. 
form a singular fibre whose dual graph is as in Figure 3 .
In order to show that (3) implies (2a) Figure 1 with k = 4g + 3 or of type D k+1 in Figure 2 with k = 4g + 4. Hence, we may assume that p i+1 is infinitely near point of p i for simplicity.
We support that the dual graph of the unique degenerate fibre µ
the direction corresponding to p 2 . Let X 3 → Σ g be the blowing up at p 1 , p 2 and p 3 . We denote (−1)-curves corresponding to p 1 , p 2 and p 3 by E 1 , E 2 and E 3 respectively. Let µ 3 : X → X 3 be the birational morphism which contracts (4g + 1) (−1)-curves except E 1 , E 2 and E 3 among (4g + 4) (−1)-curves contracted by µ. We consider the birational morphism τ : 
and (E i − E i+1 ), i = 1, 2, . . . , 4g + 3. The dual graph is as in Figure 3 . fibres by Kodaira [9] . We show the case g ≥ 2 by applying Corollary 2.3 as follows.
Let absurd. Hence, we get Θ 2 = −2. Thus, we see that the dual graph of F 0 is as in Figure 3 from Corollary 2.3.
In the last, we prove the main theorem:
Proof of Theorem 3.1. We have that (1) and (2a) is an affine coordinate ring of the surface obtained from the finite double cover of Σ 0 whose branch divisor is defined by ψ(t, y, 0) = 0. Therefore, (5a) follows from (5b).
Conversely, we support (5a) firstly. We may assume that an intersection point of ∆ 
